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Experimental Tests of an Interference Method for the Study of Diffusion

By L. G. LONGSWORTH

Introduction

When a diffusing boundary is placed in the
path of alens, e. g., at C in Fig. 1, the light through
the boundary is deflected, generally downward, by
the gradients of refractive index therein and the
image of an illuminated horizontal slit, S, is
spread over a rectangular area in the focal plane,
P. The upper edge of this rectangle is formed by
light that passes, without deflection, through the
homogeneotus layers of solvent and solution above
and below the boundary, respectively. The lower
edge of the rectangle is formed by light that suf-
fers a maximum deflection in the boundary. In
Fig. 1 the gradients in the boundary are indicated
by the curve abcde with a maximum at the level c.

Fig. 1.

As diffusion proceeds and the boundary spreads
the rectangle of light in the image plane P con-
tracts by the upward movement of its lower edge.
At any instant the light in the rectangle does not,
however, vary monotonely with the height but
consists of a pattern of interference fringes. The
qualitative explanation of this interference is due
to Gouy! and may be given with the aid of Fig. 1.
If b and d are two levels in the boundary having
the same value of the refractive index gradient the
pencils of light through these levels are deflected
to the same position, b’, in the image plane, P.
Having originated in a common source and arriv-
ing at a common focus, but having followed two
paths of different optical length, these pencils
may, depending upon this path difference, rein-
force or cancel each other. Each fringe in the fo-
cal plane, P, thus corresponds to conjugate levels
on either side of the maximum at ¢ for which the
path length difference is such as to give construc-
tive interference.

In a recent review dealing with the subject of
diffusion?® the author published a photograph that
he had taken of these interference fringes and sug-
gested that a quantitative theory of their spacing
might aid in the study of this process. In a paper
accompanying the present one,? Kegeles and Gost-

(1) Gouy. Compt. rend. acad. sci.. 90, 307 (I880).

(2) Longsworth, Ann. N. Y, Acad. Sci., 48, 211 (1945).
(3) Kegeles and Gosting, Tris JOURNAL, 69, 2516 (1947).

ing have developed the necessary theory. Al-
though it is one of my purposes to describe experi-
ments that confirm this theory, it will also be
shown that with its aid the interference fringes
may be used for precise measurements of diffusion.
In fact the sensitivity of the new method is such
that it has afforded a useful critique of some of the
experimental procedures in current use and these
results of the investigation will also be presented.

Experimental

Since it is an advantage to be able to observe
directly, with the aid of a schlieren camera, the
gradients in the boundary the optical equipment
employed in this research is that used in electro-
phoresis* except that a combination plate holder
and focal plane shutter for the photography of the
fringes has been made interchangeable with the
schlieren diaphragm. This addition to the
schlieren apparatus is
shown in perspective in
Fig. 2. The holder takes
3 X 6 cm. plates which
are cut from the stand-
ard 9 X 12 cm. size. A
plate is inserted through
an opening, provided
with a dark slide, in the /
back of the holder with |
the emulsion facing the
sector-shaped  shutter

leaf, L. In making an ™~
exposure the 1 r. p. m. . 7
synchronous clock motor, T /
M, rotates the shutter /

until one of the openings
between the leaves L and
L’ has passed in front of
the emulsion. Although
adjustment of this opening provides one method
of controlling the exposure additional controls are
necessary as will be described below.

In the early stages of diffusion the boundary is
sharp and the fringe pattern is formed by the light
through a comparatively small portion of the cell
while that through the remainder of the cell is
concentrated in the normal, <. e., undeviated, slit
image. Moreover, owing to the large gradients of
refractive index in the boundary at this stage the
pattern covers a relatively large area at the photo-
graphic plate. Consquently if the plate is exposed
to give an adequate density in the fringe pattern
the normal slit 1mage is overexposed. Two meth-
ods are used simultaneously in overcoming this
difficulty Oneis to mask the cell above and below
the boundary so that the exposed homogeneous

(4) Longsworth, Ind, Eng. Chem., Anal. Ed., 18, 219 (1946),

Fig. 2.
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layers of solution are comparable in thickness
with the boundary layer. In order to avoid
troublesome diffraction effects the edges of the
mask should not be horizontal. Moreover, the
homogeneous layers of solution exposed by the
mask must not be too thin since the edges of the
boundary, together with the edges of the mask, ap-
pear to have the properties of a Young double
slit® and introduce fine structure into the normal
slit image. As the boundary spreads and the
fringe system is compressed the fringes nearest
the normal slit image may be confused with this
fine structure. By viewing the boundary with
the aid of the schlieren camera, the mask may be
adjusted for each photograph so that the exposed
portion of the cell is about twice the boundary
thickness. As the gradients approach the ends of
the cell, however, this becomes impossible and
thereby limits the duration of the experiment.

Another method of controlling the exposure is to
place directly in front of the plate, several pieces
of an appropriate Wratten gelatin filter, e. g.,
number 58 if green light is used, with each succes-
sive piece displaced horizontally a small distance.
Three such pieces are shown at F in Fig. 2. Thus
one end of the image of a fringe i1s formed by light
that has undergone no absorption while that form-
ing each successive portion of the image has pene-
trated an increasing number of thicknesses of the
absorbing filter. A photograph obtained in this
manner is shown i Fig. 3. With a sufficient
number of steps in the filter one can always find a
fringe segment that is properly exposed. In lo-
cating maxima a segment is used where the step
filter has absorbed most of the energy and the
fringe is thus barely visible on the plate. In the
case of minima, segments are used where the
fringes are overexposed and the minima appear as
narrow, clear lines, In the present research pref-
erence has been given to the minima since in the
location of these the cross-hairs in the eyepiece of
the comparator microscope are 1ot obscured. It
will be clear, however, that the comparator must
be arranged so that the plate can be moved paral-
lel to the fringes as well as normal to them. This
has been done by adapting a smooth, but ungradu-
ated, cross-axis movement to a Gaertner compara-
tor reading directly to microns.

The use of a step filter at the plate has also made
it possible to estimate the variation, with the
height, of the light intensity in a single fringe
without recourse to a microphotometer and the ac-
companying problems of plate calibration. Since
a contrast plate is used the optical density at the
edge of a fringe changes quite abruptly. Thus the
level at which the change occurs can be determined
for different segments of the fringe image and
plotted against the anti-logarithm of the number
of thicknesses of absorbing filter in the path of the
given segment. The use of a contrast plate is also

(5) Monk, ‘‘Light—Principles and Experiments,” MeGraw-Hill

Book Co., New York, N, V., 1037, p. 125,
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Fig. 3.

desirable in order to obtain adequate resolving
power.

In order to obtain well defined fringes the light
should be essentially monochromatic. The G. E.
H4 mercury vapor lamp, together with the Wrat-
ten filter #77A for isolation of the mercury green
line at A = 5461 A., has proved to be a satisfactory
source.

If, as in the author’s equipment, the schlieren
lens is used at unit magnification another require-
ment for well-defined fringes is that the slit width
be one fourth, or less,® of the minimum separation
between fringes. Since patterns containing as
many as 25 fringes per milluneter have been re-
corded it is clear that slit widths as small as 0.01
mm. must be used occasionally and that the par-
allelism of the slit jaws must be considerably bet-
ter than this. A Gaertner bilateral spectrometer
slit reading directly to the nearest 0.01 mm. has
proved satisfactory.

The materials selected for study were potas-
sium chloride and the protein, ovalbumin. A
reagent grade potassium chloride was recrystal-
lized once with centrifugal drainage and fused in
air in platinum. The solutions of this salt were
prepared by direct weighing of both solute and
solvent, the density data of the “I.C.T.” being used
to convert the concentrations to a volume basis
The author is indebted to Dr. Gertrude Perlmann
for the thrice recrystallized sample of ovalbumin.
As will be shown below, these two materials repre-
sent a thirty-fold change in the diffusion coefficient
and by their use defects in the experimental pro-
cedures have come to light that would have been
missed if only one had been studied.

Both the Tiselius and the Lamm cells have been
used in this research. In the Tiselius cell’ an ini-
tially sharp boundary between solution and sol-
vent is formed by a shearing mechanism after
which it is slowly shifted into view from behind
the opaque horizontal plates used in its formation.
This cell, which is the one used in electrophoresis,
is a cemented cell and the optical quality of the
windows is such that the resulting distortion of
the normal slit image interferes somewhat with

(8) Jenkins and White, ‘“Fundamentals of Physical Opties,”’
McGraw-Hill Book Co., New York, N. Y., 1937, p. 140.
(7) Tiselius, Trans, Faraday Soc,, 88, 524 (1937).



its location. In the Lamm cell® the boundary is
formed by the removal of a partition between solu-
tion and solvent. Optically this cell is quite good.

When using it the thefmostat windows become
the factor that limits the quality of the normal slit
image and work is in progress to remove thislimita-
tion. Mechanically the Lamm cell is open to the
objection that it is difficult to avoid leakage and
also to avoid the trapping of solution in the crev-
ices around the movable partition. Although a
Neurath cell® was not available for test it should
be free from this defect. For the study of diffusion
from an initially sharp boundary the cell suggested
by Claesson!® appears to overcome most of the
difficulties encountered in the present research and
is now under construction.

Test and Application of the Theory

The most important test that the theory of Kege-
les and Gosting must meet is whether or not it
predicts accurately the spacing of the fringes for
normal diffusion. Since results to be presented
below indicate that at moderate concentrations
the diffusion coefficient of potassium chloride
changes less than a per cent. for a 0.1 IV increment
of concentration the diffusion of this salt over ap-
propriate concentration intervals should give gra-
dient curves that are essentially Gaussian. The
results given in Table 1 for the fringe pattern ob-
tained after the diffusion of 0.6 IV potassium chlo-
ride into 0.4 N potassium chloride for 7500 seconds
at 0.5° are typical. In the first column of the
table the values of j indicate a minimum, zero
being assigned to the lowest one in the pattern.
In order to reduce the size of the table every fifth
minimum only, after the first two, is listed. As
will be shown later in this paper the lowest fringes
deviate from the theory when diffraction is neg-
lected. The figures in the second column of Table
I are the observed distances of the minima from
the normal slit image whereas the next column
contains the factor, given by the theory as will be
described below, by which the fringe displacement
is divided in obtaining the value of C;, column 4,
If the theory were valid the entries in the fourth
column would be a constant? and this is seen to be
the case.

As is indicated in Table I, not all minima are
measured but only those at a regular interval such
that 8 to 10 values are represented by the final
average., Since the somewhat greater precision
with which the higher minima can be located
partially compensates for their smaller displace-
ment no weighting of the constants in taking the
average has been attempted. However, the
minima nearest the normal slit image are not
used since accidental errors in their location are
unduly magnified and since these correspond to
the weak gradients in the boundary most likely

(8) Lamm, Nova Acta Regiae Soc. Sci. Upsaliensis, Ser, 1V, 10,
No. 6 (1937).

(9) Neurath, Science, 93, 431 (1941).
(10) Claesson, Nature, 1568, 834 (1946).
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to be disturbed by temperature fluctuations, etc.
In the present example the pattern contained 60
minima but nothing above j4 was used in the com-
putations. The diffusion coefficient to be com-
puted from the constant, C, of Table I is thus an
integral value over the concentration interval from
about 0.43 to 0.57 N,

TaABLE I
AN EXPERIMENTAL TEST OF THE THEORY

Interference fringes photographed after diffusion, in the
Lamm cell (¢ = 1.600 cm.)}, of 0.6 N potassium chlorlde
into 0.4 N potassium chloride for 7500 seconds at 0.5°.

1 2 "3 4 5 6 7
Y/e~?
e (= C1) Ce 4y Cio
Y. (Jm (Gm = (]m = (G = (]m =

7 em. 60. 3) 60.3) 60.2) 60.4) 60.1)

0 0.5989 0.9355 0.6402° 0.6300°

1 5675 8874 .6395 .6397 .6394 .6320°
5 4822 7548 .6388 .6390 .6386 .6335

10 .4040 .6329 .6383 6387 .6397 .6337

15 3402 3328 .6385 .6390 6378 .6340
20 2848 4457 .6390 .6397 .6381 .6347
25 .2354 3683 .6392 .6402 .6379 ,6348
30 1904 2983 .6383 .6398 .6368 .6342
35 .1497 ,2344 .6387 .6408 .6368 .6343
40 1127 1762 .6396 .6422 .6367 ,6346
45 0785 .1226 .640% .635%
50 .0476 .0745 .639¢ .632%
55 ,0205 .0320 .641° .629¢
Mean .6389 .6399 .6378 .6342
Average deviation . 0004 .0008 .0007

o Not included in mean. °?Computed with a path
length difference of j + 1/, wave lengths as the condition
for destructive interference.

The factors of column 3 of Table I were intarpo-
lated from a plot of e7* vs. f(z) for values of f(2)
equal to (j + °/4)/jm where 2 is the reduced height
in the cell and f(z) is defined by equation (12) of
the accompanying paper.® The path difference
parameter, jm, is given by the relation

Jm = a(ns — no)/M ®

between the cell dimension, @, parallel to the
light path, the refractive indices, #s and #,, of the
solutions forming the boundary and the wave
length, \, of the light. Although j, does not need
to be an integer, it should not exceed by more than
one the integral number of fringes in the pattern.
Although it 1s an essential feature of the method
that the number of fringes in a pattern remain in-
variant as diffusion proceeds, it is clear that count-
ing this number will not give a sufficiently precise
value for j, since only the next smallest integer to
the true value can be obtained in this manner,
The following procedure for evaluating j. has,
therefore, been used.

Values of C; for different assumed values of jn
in the neighborhood of the number of fringes ac-
tually counted are tabulated and the one yielding
the best constant for different values of j is thus
found. In Table I the values of C; in column 4
were computed for jm = 60.3 while those in col-
ummns 5 and 6 are for jm = 60.2 and 60.4, respec-
tively. Here the average deviation from the mean
isleast for jm = 60.3. Repetition of this procedure
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for each of the nine plates obtained in this experi-
ment leads to the results shown in column 2 of
Table II. The tendency of j. to decrease in the
later photographs is typical and is probably due
to an error in the location of the normal slit image
resulting from the smaller proportion of light con-
centrated in this image as the gradients approach
the ends of the cell. Although it is hoped that
this ¢ffect can be eliminated in €he new, tall cells
hecomiug available, correction for it in the present
research has been made as follows. Taking jn» as
constant for all times and equal to 60.3, the aver-
age value from the early photographs, the position
of the normal slit image is then adjusted until the
average deviation of C; from the mean value for
cach patterit is again a minimum. The necessary
adjustments are scldom more than a few microus.

TaBLE 11
OBSERVED VARIATION, WITH THE TIME, oF THE NUMBER,
jm. OF FRINGES AND OF THE DIFFUSION COEFFICIENT,
D’, iIx tTag DiprusioN oF 0.6 iNnTo 0.4 N Potassium
CHLORIDE AT 0.5°

1 2 3 4

t, D' X 10¢ D X 10¢

seconds im (fm = 60.3) (At = 31)
1200 60.4 9.509 9.270
2280 60.5 9.424 9.297
3360 60.2 9.398 9,312
5520 60.1 9.334 9.282
7500 60.3 9.337 9.298
8760 60.4 9.304 9.280
11820 60.4 9.327 9.302
14280 59.8 9.273 9.253
17520 60.0 9.306 9.290
Mean 9.287

Av. dev. 0.15%

A diffusion coefficient, D', is then computed

for each exposure with the aid of the relation

D' = j,2n2 /4w C2 2)

in which &, the optical distance from the center of
the diffusion cell to the photographic plate, is
182.0 cm. in the author’s apparatus.® The values
obtained in the present example are given in the
third column of Table II and tend, at least in the
early stages of diffusion, to decrease with increas-
ing time. This is undoubtedly due to initial mix-
ing for which a correction is made as follows.

The Zero-Time Correction.—Since initial mix-
ing causes the concentration distribution at any
instant to appear as though the boundary had
been formed before this actually occurred, a small,
but constant, increment, A¢, must be added to the
observed time, ¢, of equation 2 in order to obtaina
corrected value, D, for the diffusion coefficient.
The relation is

D:D(L+%

and a plot of D’ vs. 1/t should yield a straight line
whose intercept is D and whose slope is D-A¢.
Such a plot of the data of Table IT is shown in Fig.
4 and gives D = 9.287 X 10~®and A¢ = 31 sec-
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onds. Application of this zero-time correction to
the observed values of Table II leads to the results
in the last column where the average deviation
from the mean is 0.15%.

9.50

9.46

926 O
0 10 20 30 40 50 60 70 80
104/t.
Fig. 4.

The Diffusion of Potassium Chloride in the
Lamm Cell.—The results, computed as out-
lined above, for the solutions of potassium chlo-
ride listed in the first two columns of Table III
are given in the third column of that table.

TasLg III

SUMMARY OF RESULTS ON THE DIFFUSION OF POTASSIUM
CHLORIDE IN THE L.aAMM CELL AT 0°

1 2 3 4 5 6 7 8
Solu- Sol- No. Av.
tion, vent, D X 108 of dev., At Fme Fme
N KCl N KCl cm.%/sec. plates % sec, obsd. comptd.
0.2 Water 9.016 8 0.05 16 63.6 64.13
.4 0.2 9.056 7 .13 856 61.6 62.00
.6 4 9.111 9 .16 31 60.3 60.56
.8 .6 9.259 8 .08 10 59.3 59.49
1.0 .8 9.410 8 .19 6 58.3 58.51

For the comparison with the theory shown in
Fig. 5, and discussed below, these values have been
corrected from 0.5 to 0° by meauns of the viscosity—
temperature factor, 273.1 #05/273.6 7o = 0.9810.
In the next two columns are listed the number of
plates analyzed in each experiment and the aver-
age deviation from the mean. The rather erratic

9.6
9.5
o 045
S
X931
Rosotk
9.1F
9.0}

0 01 02 03 04 0.5 0.6 0.7 0.8 0.9
Concentration, eqs. KCl/liter.

Fig. 5.
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fluctuations in the zero-time correction, column 6,
are probably due to the fact that several different
filling procedures were tested in this series of ex-
periments. Of particular interest are the values of
the path difference parameter, ju, column 7, ob-
tained from the fringe patterns as described above
and as computed with the aid of equation 1 from
the refractive indices of the solutions that have
been measured independently in a hollow prism
cell,* column 8. In each case the observed value
for jm is less than the computed value, a discrep-
ancy'® that may, possibly, arise from a slight
distortion of the boundary due to variation of
both the diffusion coefficient and the equivalent
refraction with the concentration. In this case
the neglect of the fringes near the normal slit
image 11 minimizing, by adjustment of jm, their
fluctuations of C; would influence the value of the
path differénce parameter,

Although the Onsager—Fuoss theory!! can be ex-
pected to yield only approximate values at the
concentratiors of Table II it is of interest, never-
theless, to compare the experimental results with
that theory. This is done in Fig. 5 where their
relation is plotted as the full curve and, after cot-
rection for the viscosity as suggested by Gordon,!?
as the dashed curve. Inmaking the computations
the limiting cation transference number of potas-
sium chloride at 0° was taken as 0.4960,!3 the lim-
iting equivalent conductance as 81.50,!* and the
mean ion radius as 3.78 A.1® The experimental
values are indicated by the circles in Fig, 5 and
are plotted at the mean concentration for each

interval. If the values of j, that are obtained in-
10.0 §—PBowndary shifted 420cm /hr —
9.0 / e
T—
8.0r
. /
S 7.0+ /
—
% oo '/ rBounchy shxftedETS? cin'/ﬁp{—.
S //'-“"’*""*
5.0 - ,_/(;/(
'/./ i—ﬁoundory shifted 100cm /hn —»
4.0 /é/»/fa
3,0 1 1 i 1 1] 1 1 i
0 6 12 18 24 30 36 42 48
108/¢,
Fig. 6.

(10a) This discrepancy has been eliminated in experiments with
the Claesson cell that became available during the preparation of
this paper. In this cell, which is 82 mm. tall and for which g =
2.4845 cm., a potassium chloride concentration difference of 0.1 N
is used and the initial mixing is so slight that a coefficient obtained
after diffusion for as little as ten minutes differs from the final value
by a Very few tenths of a per cent. '

(11) Onsager and Fuoss, J. Phys. Chem., 36, 2680 (1932).

(12) A.R. Gordon, J. Chem. Phys., 8. 522 (1937).

(13) Allgood. LeRoy and Gordon, ébid., 8, 418 (1940),

(14) Gunning and Gordon, #bid.. 10, 126 (1942),

(18) Scatchard and Prentiss, Tuis JoURNAL, 88, 4388 (1938).
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dependently from refractive index measurements
are used instead of those from the fringe photo-
graphs, the diffusion coefficients that result are
indicated by the dots of Fig. 5. At present it is
not possible to say whether the circles, or the dots,
represent the best values, In either case the ex-
perimental poiuts tend to lie betweeu the two
curves of Fig. 5, indicating, possibly, that a vis-
cosity exponent of unity in the Gordon relation is
too large.

The Tiselius Cell as a Diffusion Cell.—Al-
though the Tiselius cell has been used by the
author,!® and others, for diffusion measurements
on proteins the results of this research indicate
that it is not suitable for precise work. Due, prob-
ably, to slight mixing during shifting of the bound-
ary the number of fringes in the pattern for a given
initial concentration difference is consistently less
than in a Lamm cell of the same thickness.
Moreover, the boundary is disturbed not ouly by
its formation at zero time but also over the per-
iod in which it is being shifted into view. Conse-
quently no simple zero-time correction can be ap-
plied. This is illustrated in Fig. 6 where the ob-
served values, D’, in three experiments on an oval-
bumin solution at different rates of shifting the
boundary are plotted against the reciprocal of
the time. During the period that the boundary is
being shifted, and for several hours thereafter,
the fringe spacing is not in accord with the theory.
The values of D’ for this period that are plotted in
Fig. 6 were computed using the value of j, from
later photographs and the displacement of the
lowest minimum, After the boundary has been
shifted to the proper level in the cell, D’ decreases
with increasing time but the variation is not linear
in 1/t and extrapolation to 1/t = 0 is uncertain,
Similar results have been obtained for the diffu-
sion of bovine serum albumin in the Tiselius cell.
In Fig. 6 the variation in the extrapolated value is
from 3.5 to 3.6 X 1077, This is lower than the
value, 3.8 X 1077, obtained earlier!® for ovalbumin
in the same solvent. Although the boundaries
were shifted at the low rate in the earlier work and
no schlieren scanning photographs were taken for
the first fifteen hours, ¢. e., 10/t £ 2, the graphical
analysis of the plates used at that time was not
sufficiently sensitive to indicate a variation of D’
with ¢ and no zero-time correction was applied.
The results shown in Fig. 6 suggest that, owing to
the neglect of this correction, the earlier values
are high by a few per cent.

Owing, apparently, to its much more rapid dif-
fusion, when potassium chloride is studied in the
Tiselius cell the disturbing effects encountered
with proteins are scarcely detectable. Although
the boundary is being shifted during an appreci-
able part of the total period of observation all of
the fringe patterns are normal and a zero-time
correction can be made. The disturbing influences
become evident only on comparison with results in

(16) Longsworth, Ann, N, ¥, Acad. Sci., 41, 267 (1941).
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the Lamm cell in that (a) the values from indivi-
dual photographs show larger deviations from the
mean, (b) the zero-time corrections are from 40 to
100 seconds, and (c) the differences between the
observed and computed values of jm are greater
than in the Lamm cell.

Ovalbumin in the Lamm Cell.—On attempting
to study ovalbumin in the Lamm cell the re-
sults could only be interpreted by assuming that
a slow leak at the level of the partition developed
during the experiment. Tests made by placing
the filled cell on the pan of a balance and noting
the loss in weight with time showed that the
Lamm cell actually did leak, although in an un-
predictable manner. Due, possibly, to the rela-
tively short times involved no evidence has come
to light that leakage interfered with the diffusion
experiments on potassium chloride in this cell.
These experiments will, however, be repeated in
the new cells becoming available.

The Boundary Level.—In the development of
the theory of the fringe spacing it is assumed?® that
the cell is illuminated with convergent light but
that the maximum gradient in the boundary is at
the level where the light enters normally. Al-
though there is no difficulty in adjusting the cell
support so that this condition is realized, to
within a millimeter or so, it is of interest to deter-
mine if such adjustment is adequate. Conse-
quently one of the experiments on potassium
chloride in the Lamm cell was repeated with this
cell 3 cm. below the proper level. Although the
effect on the fringe spacing was not large it could
be detected as a decrease, with time, of the ob-
served values of jm for which correction, by shift-
ing the normal slit image position within permis-
sible limits, could not be made. Placing the cell
at the proper level, to within a millimeter say, ap-
pears, however, to be adequate and is practicable.

Effect of Diffraction.—In computing the in-
tensity at a given level in the fringe pattern
Kegeles and Gosting take into account the con-
tribution of a considerable portion of the wave
front on either side of the normals to the level in
question. This leads, as a close approximation, to
a path difference of j + !/4 wave lengths as the
condition for a maximum and j -+ 3/4 for a mini-
mum. It is of interest to compare these condi-
tions with the ones that are given by the usual ray-
optical treatment, namely, j for a maximum and
7 + 1/5 for a minimum. It will be recalled that
such a treatment identifies the ray with the nor-
mal and ignores the contributions of the secondary
wavelets from neighboring points in the wave
front. Except for the lowest maxima and minima
the spacing is given about equally well by either
set of conditions. In the case of the lowest fringes
the more complete theory is, however, clearly
superior. This is shown in Fig. 7 where theintensi-

ties, obtained as described earlier in this paper, in .

the two lowest maxima of the pattern represented
by Table I are plotted as ordinates against the

AN INTERFERENCE METHOD FOR STUDY OF DIFFUSION

Lo
(i
—
[

I-0
5 I=1
b~
0
=
&
A /
a b
Fl 1 L TL 1 T i 1
0.57 0.59 0.61 0.63 0.65
Displacement. in ecm., from normal slit image.
Fig. 7.

displacement from the normal slit image as ab-
scissas. Here the lowest maximum occurs at ¥V =
0.6228 whereas the value computed from C;, =
0.6389, Table I, and e~ = 0.9696, corresponding
toj =0inf(z) = (j 4+ /4)/60.3,is ¥ = 0.6195.
The arrow, a, in the figure indicates this position.
If, however, the condition for minima is taken to
be a path difference of j 4+ !/; wave lengths, the
best value for C; becomes 0.6342, column 7 of
Table I, and the lowest maximum should be at
this level, <. e., arrow b. The difference, 0.0114,
between this and the observed value is greater
than the difference, —0.0033, when the more com-
plete theory is used. Moreover, as Kegeles and
Gosting point out, their condition for a maximum,
7 + /4 wave lengths, represents an approxima-
tion that is poorest for j = 0. Their detailed com-
putation, with the aid of the Airy integrals, of the
intensity distribution in the lowest fringe of a
typical system indicates that the difference of
—0.0033 cm. observed here is of the correct sign
and magnitude. This, together with the fact that
the observed skewness in the intensity distribu-
tion of the lowest fringe is also predicted, affords
considerable confidence in the validity of their
theory.

Although the quality of the approximation that
the maxima and minima correspond to path
differences of j 4+ /4 and j 4+ 3/, wave lengths,
respectively, improves rapidly as one moves up
from the lowest maximum, it will be clear from
Table I that the 0-th minimum is not used in the
evaluation of Ci.

Conclusion

Owing to the ease and reproducibility of 1 or 2
microns with which the fringes can be located the
method described here can be recommended for
precise work. It has revealed hitherto unsus-
pected sources of experimental error that will be
corrected in the future. Until the theory of the
fringe spacing.due to skew boundaries is devel-
oped the method is restricted to normal diffusion
and thus can be made to yield differential values
for a solute whose diffusion coefficient is concen-
tration dependent only by reducing the concentra-
tion difference across the boundary. This sug-
gests that the horizontal dimension of the cell
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should be increased but, owing to the decrease in
the magnitude of the density gradients that stabi-
lize the boundary, more careful control of the tem-
perature would be required. Since it appears es-
sential to have homogeneous layers of solution of
appreciable thickness above and below the bound-
ary, the period of observation can only be extended
by increasing the height of the cell. Although the
fringes are compressed as diffusion proceeds the re-
solving power of the available photographic emul-
sions? is such that this is not a limiting factor.

It is a pleasure to acknowledge my indebtedness
to D. A, MacInnes of these laboratories for his
care in the review of this manuscript and to Gerson
Kegeles of the University of Wisconsin for clarify-
ing correspondence throughout the course of the
investigation.

(17) *‘Photographic Plates for Use in Spectroscopy and As-
tronomy,” Eastman Kodak Co., 5th edition, 1946, Rochester, N, V.
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Summary

In an accompanying paper Kegeles and Gost-
ing have developed the theory of the spacing of
the interference fringes that are formed in the
focal plane of a lens when an illuminated horizon-
tal slit serves as the light source and a diffusing
boundary is placed in the path of the light. In
the present paper this theory is confirmed experi-
mentally and a method is suggested for the use of
the fringes in the evaluation of diffusion coeffi-
cients. Moreover, results for the diffusion, at 0.5°,
of aqueous potassium chloride solutions in the
Lamm cell are presented and compared with the
Onsager—Fuoss theory. The difficulties that were
encountered in the use of this cell for the study of
proteins, and in the use of the Tiselius electro-
phoresis cell as a diffusion cell for both salts and
proteins, are also reported.
NEw Yorg, N. Y. RECEIVED MARCH 18, 1947
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The Theory of an Interference Method for the Study of Diffusion

By GeErRsoN KEGELES* AND Louis J. GosTING

Introduction

In 1880 Gouy! discovered a new interference
phenomenon produced from a single wave front
which had been distorted on passage through a
column of liquid containing a diffusion boundary.
Gouy gave a qualitative explanation of his ob-
servation, but he published no photographs, and
presented no mathematical theory. In a recent
review dealing with the subject of diffusion, Longs-
worth? gave an account of this phenomenon and
published a photograph that he had taken of the
interference fringes. This review stimulated the
development of the quantitative theory to be
presented in this paper, relating the space and
intensity in the interference fringe system to the
diffusion coefficient. In the report accompanying
this one, L. G. Longsworth? presents an experi-
mental verification of this theory, as well as his
experimental development of the interference
phenomenorn into a precision method for the study
of diffusion.

A brief qualitative description of the original ex-
periment! is repeated here, with the aid of Fig. 1,
in order to introduce the mathematical treatment.
To make his observations, Gouy collimated the
light from an illuminated horizontal slit and, after
passing it through a diffusing salt boundary,
brought it to focus with a telescope. In the il-
luminated rectangle at the focal plane of the tel-
escope objective, several decades of fringes could

(*) Present address: Biochemistry Section, National Cancer
Institute, Bethesda I4, Md.

(1) Gouy, Compt, rend., 99, 307 (1880).

(2) Longsworth, Ann. N. Y. Acad. Sci., 46, 211 (1945).
(3) Longsworth, THis JoURNAL, 69, 2510 (1947),

be counted, and the fringe system showed pe-
culiarities foreign to those produced by multiple
slits. The originally plane wave front on leaving
the diffusion cell takes the form, in projection
onto the plane of the paper (Fig. 1), of the re-
fractive index function in the column. For ideal
diffusion, this distorted wave front is symmetrical
about the inflection point corresponding to the
level of the maximum refractive index gradient.
Because of this symmetry, two normals from any
given level YV in the focal plane may be drawn to
the wave front, at points denoted X and X’. This
means, according to geometrical optics, that rays
passing. through two symmetrical levels in the dif-
fusion column are brought to a focus together a
distance Y below the undeviated slit image. Gouy
pointed out that the disturbance at ¥ could be
calculated as the superposition of the disturbances
originating in the wave front at X and X’, with a
phase difference determined by the difference in
path lengths from Y to the wave front at X and
X', respectively. The theory of the phenomenon
derived on this basis is not in complete accord
with experiment,?® however, and according to wave
optics it is necessary to take account of the dis-
turbances arising at all other points in the wave
front which must also contribute something to the
intensity at ¥. In the calculations to be pre-
sented, the treatment of the phenomenon will be
undertaken from these two different starting as-
sumptions, and the results will be compared. As
the assumption of geometrical focussing forms the
basis of the refractometric optical methods which
are applied to studies of the molecular kinetic
properties of dissolved solutes. this comparison



